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^ ■ 1. Introduction. 

^ ■ Let [x] be the greatest integer not exceeding x, and let (^) be the Legendre 

symbol. For a prime p let Zp be the set of rational numbers whose denominator 
is not divisible by p. For positive integers a, b and n, if n = ax'^ + by^ for some 
^ \ integers x and y, we briefly say that n = ax^ + hy^ . 

Let (a)o = 1 and {a)k = a{a + 1) • • ■ (a + /c — 1) for any positive integer 
k. Then ^ = A formula of Bailey states that (see [GZ, (9) and 



(12)]) 



(l)fc(i)fc(i)fc/ 27x 



VI - 4x f-; V(4x-1) 

fe=0 



It is easily seen that 



M 1\ (2)^ _ ( k ) (2)^(5)^(6)^ _ ( fc ) ( fc ) (sfc) 

1 



Thus, taking x = 64/m in Bailey's transformation and applying (1.1) we get 



(1.2) 



m'^ \ m — 16 ^ \ k J \ k J \3kJ \ (m — 16)^ 

2k\ /3k\ /6k\ / \k 



m - 256 ^ V /c )\k) \Zk) V(256 -m)3J 



In Section 2, using some results in [S2, S3] we prove the following p-analogue 
of (1.2): 

b-l)/2 /2fc\3 . [p/6] 



'^^^ g)_ ^ / m(m- 16) X /2a /SfcX /6a / m 

4^ m'^ V p y 4^ V'^/ V^y M^-16)^>' 

— — 

fmim - 256) \ f2k\ /3k\ /6k\ ( \fe , , 

I V )\\k)\k)\zk)\ {2^6-mY ) 



where p is an odd prime, m e Zp and m ^ 0, 16, 256 (mod p). 
For any nonnegative integer n, we define 

Let p be an odd prime and tt e Zp. In the paper we prove that for u ^ 
\ (modp). 



:E/..'.g©"K)(^)".-... 



and for u ^ —1, — | (mod p), 

E (?) (5(1^) ' - E (T) (S) (5(1^) ' P). 

As applications we prove some supercongruences involving {^n} or {an}, which 
were conjectured by Z.W. Sun in [Su3]. For example, if p = 1,4 (mod 15) is a 
prime and so p = + then 

An = 4a;^ (mod p) . 

n=0 

In the paper we also pose some conjectures on supercongruences. 
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2. Transformation formulas involving Ck)Ck){3k)- 
Let {Pn{x)} be the Legendre polynomials given by 



1 . . 



Then clearly Pn(-a^) = (-l)"Pn(a^)- In [SI, Theorems 3.1 and 4.1] the author 
showed that for any prime p > 3 and t & 'Zp, 

— ^x^ + 3(4t - 5)x + 2(2^2 - Ut + 11) • 

x=0 

and 



(2.1) P[.](t) ^ -(f) E ( ^ ^) (modp) 



In [S2, Theorems 2.1 and 4.2] the author showed that for any prime p > 3 and 

t e Zp, 

.fix ?Z} .a:3 _ 3(3t+5) g. „ 
(2.3) P,5,(*) . -Q ^ ^ ^-^^i^ (modp). 



and 



^'■'^ ^ [kj y(w) -%(0^(-d,). 

fc=0 \ / V / 

In [S3] , the author showed that for any prime p > 3 and m,n G Zp with 

m ^ (mod p), 

(2.5) 

— -p — )) ^[-^)2^[k)[k)[3k)[ 123.4^3 ) 

Theorem 2.1. For any prime p > 3 and m & Zp with m{m — 16)(m — 256) ^ 
(mod p), we have 

(p-l)/2 ^2fe^3 Ip/6] /^,x , ___ . ^ 



(?)_ ^ / m(m- 16) N /2fc\ /3fc\ /6a / m y 

m'^ V p / ^ v^y V^y V3^/ Mto- 16)^>' 

/m(m - 256) \ ^-^^ /2/c\ /3k\ /6k\ / n fc ^ , ^ 

"I -p JgUJUJUJ W256 -m)3 j 



fe=0 
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Proof. By [S2, Theorem 3.2], 

(p-l)/2 /2fc\3 , . „ 

fc=0 ^ 

Thus, applying (2.3) and (2.5) we deduce that 

(p-l)/2 /2fe\3 . ^ p-1 3 3/q m+64 , rv,. i n rri -^64 , 7. . o 

k=o ^ x=o ^ 

m{m — 16) \ f 2k\ f 3k\ / 6k\ / m \ 



p jT.[k)[k)[^k)[^^;^^) (--dp). 



fc=0 

As Pn(— x) = (— l)"'Pn(a;), we also have 

1 n ^ 



fe=0 



m-64. 

m(m-64) >^ ^^ ^^ - |(-3 • ^ + 5)x - 9 • + 7 ^^^^2 

/m(m - 256) \ /2fc\ /3fc\ /6fc\ / x ^ ^ 
^ jgU;UJUJ'^ (256-m)3 j 

Conjecture 2.1. Lei p > 3 be a prime. Then 

(i) Ifp=l (mod 4), i/ien 

(p-l)/2 /2fc\3 p-1 /2fcW3A:W6fc\ f2k\ f3k\ f6k\ 

V fc J ^ /"^A U A fc J UfcJ ^ /■ ^\ V fc A fc J \3k) J 
^ 64'= ~\p)^ 12^k -\p)2^ 663fe K^oap ). 

fc=0 ^ fc=0 fc=0 

(ii) Ifp = 1,2,4 (mod 7), t/ien 

(p-l)/2 /r,7\3 ^ ^r-, p-1 /2k\/3k\r6k\ , nr-,-, P-1 f2k\ /3k\ f6k\ 

E -(^)EH^^(^)E%ii-^(-.A 

fc=0 ^ ^ fc=0 ^ ^ ^ fc=0 

(hi) If p = 1,3 (mod 8), i/ien 

(p-l)/2 /2fe\3 f. P-1 /2fcW3fc\ /6fc\ 

(_64)fc - l^y ^ 203fc ^ ^ ^ 

fc=0 ^ ^ fc=0 

(iv) If p = 1 (mod 3), i/ien 

(p-l)/2 /2fc\3 p-1 /2fcW3fc\ /6fc\ 

y = IaAaAmZ (niodp3). 

^ 256^= V p ; ^ 54000^= ^ ^ ^ 

fc=0 ^ k=0 

For other conjectures on Ylk'=o^^'^ ^k)^ 1'^^ (modp^), see [Sul, Conjectures 
A3, A35 and A36]. 
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Theorem 2.2. For any prime p > 3 and t e with At ^ ±5 (mod p), we 
have 



(p-l)/2 

E 

fe=0 



2k 
k 

At 



P 



3k 
k 



1 -t^N fe 



[p/6] 

E 

k=0 
[p/6] 



k=0 



2k 
k 

2k 
k 



108 



3k 
k 



3k 
k 



6k 
3k 

6k 
3k 



)( 



(t- l)(t + l)3 Nfc 

432(4t-5)3 / 

(t + l)(l-t)3xfe 
432(4t + 5)3 



(mod p). 



Proof. By (2.1), (2.2) and (2.5), 



= P[P](t)2 = (2 j- ^' + 3(4t - 5)x + 2(2t^ - lAt+ll) ^^y 

Substituting t with —t in the above we obtain the remaining result. 

We remark that Theorem 2.2 is the p-analogue of the Kummer-Coursat 
transformation in [GZ, (20)]. 

Theorem 2.3. For any prime p > 3 and t & 'Zp with 3t ^ ±5 (mod p), we 
have 



E 



k 7 \2k V 256 



[p/6] /o,„x /..X ... .^2/, , 



^ / 10 + 6t \ ^y;^ /2fc\ /3A;\ /6A;\ / (t - l)^(t + 1) y 
~V p ^^V^yV'^/WA 64(3t + 5)3 ) 



Proof. By (2.3), (2.4) and (2.5), 



to 256 ) 



-%]W^-(E(^ \ )) 

-^)^\k)\k)U)K 64i3t + 5r ) ^"'^^^ 

Substituting t with —t in the above we obtain the remaining result. 
3. Congruences involving {An}. 
Lemma 3.1. For any nonnegative integer n, 

/2a ' f3k\ fn + k\ 2, ^ V /^2a f2n - 2k\ fn^ ' 
t^o U; V 3fc ; 2^^{kJ\n-k J\k 



k J V ^ / V 3/^ 
2k\ /2m - 2k\ fm" ^ 
k J \ m — k 



Proof. Let m be a nonnegative integer. For A; e {0, 1, ... , m} set 



F2{m,k) = 
For A; e {0, 1, . . . , m + 1} set 



192(3m + 4)fc4 f2kY f3k\ fm + k + 2\^^_^^ 
^i{m,k)- (^ + i + ;.)(^ + 2 + /c)Uy UA 3A; J 

G2{m, k) 

_ 2k^{-12m^ - Q2rr? - 104m - 56 + 2&km'^ + 89A;m + 74/c - IS/c^m - SO/c^ + 4:k^) 
~ {m + 2-kY 

f2k\ /2(m + l-k)\ fm + V " 
X ' ' ' ' ' 



k)\m + l — k J \ k 

For z = 1, 2 and e {0, 1, . . . , m}, using Maple it is easy to check that 
(3.1) 

(m + 2)^F,(m + 2, /c) - 2(2m + 3)(5m^ + 15m + 12)Fj(m + l,k) + 64(m + l)^Fi(m, k) 
= Gi{m, k + 1) — Gi{m, k). 
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Set Si{n) = J2l=o Fi{n, k) for n = 0,1,2, ... . Then 

(m + 2f{Si{m + 2) - Fi{m + 2,m + 2) - Fi{m + 2,m + 1)) 
- 2(2m + 3)(5m2 + 15m + 12){Si{m + 1) - Fi{m +l,m+ 1)) 
+ 64(m + l)^5,(m) 



= ^ ((m + 2)3Fi(m + 2, /c) - 2(2m + 3){5m'^ + 15m + 12)F^(m +l,k) 



= ^(G'i(m,/c+ 1) - Gi{m,k)) = Gi{m,m + 1) - Gi{m,0) 

k=0 

= Gi{m, m + 1). 



Thus, for i = 1,2 and m = 0, 1, 2, . . . , 

(m + 2fSi{m + 2) - 2(2m + 3)(5m2 + 15m + 12)Si{m + 1) 

+ 64{m+lfSi{m) 
(3.2) ' 

= Gi{m, m + 1) + (m + 2)3(Fi(m + 2, m + 2) + Fi(m + 2, m + 1)) 

- 24(2m + 3)(18m2 + 54m + 41)Fj (m + 1, m + 1) = 0. 



Since Si{0) = 1 = ^2(0) and Si{l) = 4 = ^2(1), from (3.2) we deduce Si{n) = 
S2{n) for all n = 0, 1, 2, This completes the proof. 

Let {An} be given by (1.3). We have the following result. 
Theorem 3.1. Let p be an odd prime and u & I^p with u ^ | (mod p). Then 



m 





p-1 



p-1 
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Proof. By Lemma 3.1, 



E 



p-i 



k J \k J V(l -4w)3, 



A;=0 V / V / r=0 ^ ^ 



n=0 A;=0 



n=0 fc=0 \ / ^ / ^ / 

= E""E(")^(T)C3;>"-- = E--" 

n=0 A;=0 \ / \ / \ / n=0 

Thus the theorem is proved. 

Remark 3.1 Using Lemma 3.1 and similar arguments in the proof of Theorem 
3.1 we obtain 



1% — }c — 



where \u\ is sufficiently small. In [R], Rogers deduced (3.3) by using much 
advanced and complicated method. 

Theorem 3.2. Let p be a prime such that p =1,4 (mod 5). Then 

^-^ [ 4x'^ (mod p) if p =1,4 (mod 15) and so p = + 15y^, 



n=0 



(mod p) ifp = 11, 14 (mod 15). 



Proof. Taking w = 1 in Theorem 3.1 and then applying [SI, Theorem 4.6] 
we obtain the result. 

Conjecture 3.1. Let p > S be a prime. Then 

p-l n / X 4 p-1 /2fc\2/3fc 



EE : ^ I E¥i^(-d/) 
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If p= 1, 17, 19, 23 (mod 30), we also have 



n=0 n=0 fc=0 ^ 



Remark 3.2 In [Su3], Z.W. Sun conjectured that for any prime p > 5, 

n=Ok=0 ^ ^ n=0 n=0 

- 2p (mod p^) iip = + 15y^ = 1,4 (mod 15), 
= { 2p- 12x^ (mod p^) if p = 3x^ + 5y^ = 2, 8 (mod 15), 
0(modp2) ifp = 7,11,13,14 (mod 15). 



Theorem 3.3. Let p be a prime such that p = 1,7, 17, 23 (mod 24). Then 
p-i 



^ '' 4a;^ (mod p) z/p =1,7 (mod 24) and so p = a;^ + 



n=0 



8)^ \ (mod p) ifp= 17, 23 (mod 24). 



Proof. Taking tt = — | in Theorem 3.1 and then applying [SI, Theorem 4.5] 
we obtain the result. 

Conjecture 3.2. Let p be a prime such that p= 1,5, 7, 11 (mod 24). Then 

n=0 ^ ' k=0 



Remark 3.3 In [Su3], Z.W. Sun conjectured that for any prime p > 3, 

p_i ( 4a:^ — 2p (mod p^) if p = + = 1, 7 (mod 24), 

= I Sx^ - 2p (mod p2) if p = 2x^ + Sy^ = 5, n (mod 24), 
[o(modp2) if p= 13, 17,19,23 (mod 24). 

Theorem 3.4. Let p be an odd prime. Then 

yln _ / 4x^ (mod p) if p =1,3 (mod 8) and so p = x^ + 2y'^ , 
8^ " I (mod p) if p = 5, 7 (mod 8). 

Proof. Taking m = | in Theorem 3.1 and then applying [SI, Theorem 4.3] 
we obtain the result. 
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Conjecture 3.3. Let p be a prime such that p =1,3 (mod 8). Then 

n=0 A;=0 



Remark 3.4 In [Su3], Z.W. Sun conjectured that for any odd prime p, 

_ / - 2p (mod p2) iip = x^ + 2y2 = 1,3 (mod 8), 
^ 8" ~ t (mod p2) if p = 5, 7 (mod 8). 

Conjecture 3.4. Let p > 3 be a prime. 
(i) For p = 2 (mod 3) we have 



P-l /2fc\2/3A:\ 



fc=0 



(ii) l^e have 

Y^ = T = f ^1 V ^fe^ (mod p3) 

4n - (_32)n - 1,3; 108^ ^ ^ ^" 

n=0 n=0 ^ ' k=Q 

(iii) For p = 1 (mod 3) we have 

^ ^ A 

n=0 ^ ' n=0 

p-1 /2A;\2/3A;\ p-1 /2fe\2/3A;\ p-1 /2fe\^ 

lOgfe -Z^ 1458'= 16^ ^moap;. 

fe=0 k=Q fc=0 

Remark 3.5 In [Sul], Z.W. Sun conjectured that for any prime p = 1 (mod 3), 

P-I (2k\^ _-, p-1 (2k\^ p-1 /2k\'^ /4:k\ 

Z^ 16fe V p / Z^ 256^= Z^ -144)^= ^ ^ 

fc=0 ^ fe=0 A;=0 ^ 

In [Su3], Z.W. Sun conjectured that for any prime p > 3, 

A A A A 

Z^ 7^^2)^ ~ Z^ 4^ ~ Z^ 16" ~ ^ (-32)*^ 

n=0 n=0 n=0 n=0 

_ r 4a;^ - 2p (mod p^) if p = 1 (mod 3) and so p = -\- 3y^, 
" I (mod if p = 2 (mod 3). 
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4. Congruences involving {a„}. 

Let {ttn} be given by (1.3). Using Maple we find that 

(4.1) (n+2)V+2-(10n^+30n+23)an+i + 9(n+l)^an = (n = 0, 1, 2, . . . ). 
Lemma 4.1. For any nonnegative integers n, we have 




n—k 



Then 5i(0) = 1 = ,§2(0) and Si{l) = -3 = S2{1). Using Maple and (4.1) we 
find that for z = 1, 2 and m = 0, 1, 2, . . . , 

(m + 2)35^(m + 2) + (2m + 3)(7m2 + 21m+17),Si(m+l) + 81(m+l)^5i(m) = 0. 
Thus Si (n) = S2 (n) . This proves the lemma. 

Theorem 4.1. Let p be an odd prime and u E Zp with u{u + l)(3u + 1) ^ 
(mod p). 
(i) We have 




(ii) If u ^ —3 (mod p), then 
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Proof. On the one hand, 



k=0 ^ ^ k=0 ^ ^ r=0 ^ ^ 

E ) E " - E (T) i^"' E 

fc=0 ^ ^ r=0 ^ ^ fe=0 ^ ^ r=0 



r 



l-2fc\ ^ 



=E''"Er: s 



, k / 9'^ \ n — k 

n=0 fc=0 

E^-EdlSt-i)"-'^"^* 

n=0 A;=0 
p-1 



n=0 A;=0 

On the other hand 



^ ^ '2k\ ^ fAk\ ( u 



k ) \2k) V9(l + 3u)4 



E 



,k \2kj9^^ ' \2k 9^ 

— ^2k\ ^ fAk\ /-I - 4fc 



E : ^^Er\"'i(3«) 



A;=0 \ / V / r=0 

'2kV {Ak\ 1 /-1-4A; 



tn—k 



n=0 fc=0 \ / \ / \ / 

=E«"E(T)^G:)3-(-i)"-(":f) 

n=0 A;=0 ^ / ^ / ^ / 



Now combining all the above with Lemma 4.1 we deduce (i). 
If w ^ —3 (mod p), substituting u with - in (i) we obtain 



k=Q \ / ^ ^ fe=0 
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Thus (ii) follows. 

Remark 4.1 Using Lemma 4.1 and similar arguments in the proof of Theorem 
4.1 we obtain 

(A0\ V^/^^a/^^xfc _ l + u ^f2kYf4k\f u 

k — /c — 

In [R], Rogers deduced (4.2) by using advanced and complicated method. 
Corollary 4.1. Let p he a prime such that p = ±1 (mod 8). Then 

^ (^k)^k _ / (mod p) ifp = x^+6y^ = l,7 (mod 24), 



k=0 



36^" [ (mod p) ifp= 17, 23 (mod 24). 



Proof. Taking w = 1 in Theorem 4.1 and then applying [S2, Theorem 5.4] 
we obtain the result. 

Conjecture 4.1. Let p > S be a prime. Then 

P-i (2k^ f - 2p (mod p^) if p = + 6y^ = 1,7 (mod 24), 

J2 = < 2p - Sx^ (mod p^) ifp = 2x^ + 3y2 = 5, 11 (mod 24), 

fc=o [ (mod p2) ifp= 13, 17, 19, 23 (mod 24) . 

Corollary 4.2. Let p > 7 be a prime. Then 

y^SK ^y^S)!(S ^ r 4^' (modp) ifp = x' + 2y^^l,3imod8), 
f:;^ lOO'' ZTf, 28^'' lo(modp) i/p = 5,7 (mod 8). 

Proof. From [M] and [Su2] we know that 

CkfiS) _ r - 2P (mod p^) ifp = x^ + 2y^ = 1,3 (mod 8), 



E 

fc=0 



256^= \ (mod p^) if p = 5, 7 (mod 8). 



Now taking u = 9 in Theorem 4.1 and then applying the above we obtain the 
result. 

Conjecture 4.2. Let p > 5 be a prime. Then 

J2 ^^^'^^'^ _ / ~ 2p (mod p2) ifp = x^ ^ = 1,3 (mod 8), 



100^= t (mod p2) ifp = 5,7 (mod 8). 



Remark 4.2 In [Sul], Zhi-Wei Sun conjectured that for any prime p 2,3, 7, 



fc=0 



: ; \2kJ _ / 2p (mod p^) if p = a;^ + 2y^ = 1,3 (mod 8), 

284fe " \ (mod p2) if p = 5, 7 (mod 8). 
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Corollary 4.3. Let p be a prime such that p = ±1 (mod 12). Then 

V" i^k)(^k _ f (mod p) ifp = x^ + V = 1 (mod 12), 
1^ (-12)^= " \ (mod p) z/p = 11 (mod 12). 

Proof. Taking u = —3 in Theorem 4.1(i) and then applying [S2, Theorem 
5.3] we obtain the result. 

Conjecture 4.3. Let p > 3 be a prime. Then 



p-i /2k\ f ^-^^ ~ '^P (mod p2) if 12 \ p — 1 and so p = + 9y^ , 

^ ^22)fe ^ I ~ (mod p2) if 12 \ p — 5 and so 2p = + 9y 
'^=^ [ (mod p2) ifp = 3 (mod 4). 

For any nonnegative integers n, define 

2ky f 4k\ f n + 3k\ ^^.n-k 



2 



fc=0 

It is known that 

[n/3] 



^ f2kX [Ak\fn + 3k\. 



fc=0 ^ ^ ^ ^ ^ ^ ^ 

We have the following conjectures involving {6^}. 
Conjecture 4.4. Let p be an odd prime. Then 

p-l p-l , (■ A^2 Orr. f^r.A A f ^ _ ^2 , n , ,2 



bn _ ( — 2p (mod p^) if p = + 2y^ = 1,3 (mod 8), 



S^l" I0(modp2) ifp = 5,7 (mods). 

Conjecture 4.5. Lei p > 3 be a prime. Then 

p_i f Ax^ - 2p (mod p2) ifp = x^ + 6y^ = 1,7 (mod 24), 

^ = i 2p-8x'^ (mod p2) ifp = 2a;2 + 3^2 = 5^ n (^od 24), 
"=o [ (mod p2) i/p = 13, 17, 19, 23 (mod 24). 

Conjecture 4.6. Let p > 3 be a prime. Then 

6n f 4a;2 — 2p (mod p^) ifp = x'^ + 3y'^ = 1 (mod 3), 



n=0 



(-9)" i (mod ^2) i/p = 2 (mod 3). 



Conjecture 4.7. Xei p > 3 be a prime. Then 

4a;2 - 2p (mod p^) if 12 \ p - 1 and so p = x'^ + 9y'^ , 
2p — 2^2 (mod p2) 12 I p — 5 and so 2p = x"^ + Qy"^, 
(mod p2) = 3 (mod 4). 
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